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, $n$ $\mathrm{R}^{n}\dotplus=$ { $\overline{x}\in$Rn; $x_{1}>0$ } $(n\geq 2)$
$([\mathrm{S}\mathrm{h}_{1,2,3,4}])$ .
$\frac{\partial u}{\partial t}=\sum_{j=1}^{n}\frac{\partial}{\partial x_{j}}(x_{1}\frac{\partial u}{\partial x_{j}})$








, . , (1)












(1) $K$ (x, $y,$ $t$ ) . ,
$u(x, \mathrm{t})=\int_{R_{+}^{n}}K(x, y, \mathrm{t})f(y)dy$
$\lim_{t\downarrow 0}u$ (x, $\mathrm{t}$) $=f$ (x) (1) $K$ .
$x’=(x_{2},\cdots, x_{n})$ , $\xi’=(\xi_{2}$ , $\cdot$ . ., $\xi_{n})$
Fourier $x’\vdasharrow\xi’$ .
$K(x, y, \mathrm{t})=\int_{R^{n-1}}e^{i}$0$\llcorner$y$’,\xi’\rangle$ $\hat{K}(x_{1}, y_{1}, \xi’, \mathrm{t})d\xi’$ $(\text{\’{e}}\xi’=(2\pi)^{1-n}d\xi’)$ , (2)
$\hat{K}(x_{1}, y_{1}, \xi’,\mathrm{t})=\frac{\rho}{\sinh\rho t}$I$0( \frac{2\rho\sqrt{x_{1}y_{1}}}{\sinh\rho \mathrm{t}})\exp\{-\frac{\rho(x_{1}+y_{1})}{\tanh\rho \mathrm{t}}$ } $(\rho=|\xi’|)$ .
, $I_{0}(z)= \sum_{p=0}^{\infty}z^{2p}/(4^{p}p!^{2})$ (0 Bessel ) . $K$ 1 $(x, y, \mathrm{t})$
$n$ ($c>0$ $K$ (cx, $cy,$ $c\mathrm{t})=c^{-n}K($x, $y,$ $\mathrm{t})$ ).
(2) $u$ $x_{1}\leq 0$ 0 $x_{1}.’ x$2, $\cdots$ , $x_{n}$
Fourier . $\mathcal{F}u$ (1) 1 .
$\frac{\partial \mathcal{F}u}{\partial \mathrm{t}}+i(\xi_{1}^{2}+\rho^{2})\frac{\partial \mathcal{F}u}{\partial\xi_{1}}+i\xi_{1}\mathcal{F}u=0$ $(\mathrm{t}>0)$ , $\mathcal{F}$u$(\xi, 0)=\mathcal{F}$f $(\xi)$ .
$\mathcal{F}u$ $\mathcal{F}f$ $\Im\xi_{1}<0$ .
$\mathcal{F}$u($\xi$b $\xi’,\mathrm{t}$ ) $= \frac{\rho}{i\xi_{1}\sinh\rho \mathrm{t}+\rho\cosh\rho \mathrm{t}}\mathcal{F}$f $( \frac{\rho\xi_{1}\cosh\rho \mathrm{t}-i\rho^{2}\sinh\rho t}{i\xi_{1}\sinh\rho \mathrm{t}+\rho\cosh\rho \mathrm{t}},$ $\xi’)$ .
(2) , Fourier .
Laguerre $L_{m}$ (z) (\S 2 )
$w_{m}(x_{1}, \rho)=\sqrt{2\rho}$L$m(2\rho x1)e-\rho x_{1}$ $(\rho>0, m=0,1,2,\cdots)$ (3)
$\{w_{m}\}_{m=0}^{\infty}$
$L^{2}$ $(0, +\infty)$ ,
$\hat{K}(x_{\mathrm{b}}y_{1}, \xi’, \mathrm{t})=\sum_{m=0}^{\infty}e^{-(2m+1)\rho t}w_{m}(x_{1}, \rho\backslash )$w$m$ (y1, $\rho$). (4)
((11) ). $|w_{m}$ (x1, $\rho$) $|\leq\sqrt{2\rho}$ $\hat{K}$ $\xi’$ $\mathrm{R}^{n-1}$
. (4) (2) . $[\mathrm{S}\mathrm{h}_{1}]$ .
, $\mathrm{t}>0,$ $x_{1}\geq 0,$ $y_{1}\geq 0,$ $x_{1}+y_{1}>0$ $\hat{K}$ $\xi’$ , $K$
$x’-y’$ $I_{0}(z)= \frac{1}{2\pi}\int_{-\pi}^{\pi}e$zcos $\theta d\theta$
, $p=\overline{\sin}\mathrm{h}\overline{\rho t}A$ , $q=\overline{\tan}\mathrm{h}\overline{\rho t}L$
$\hat{K}(x_{1}, y_{1}, \xi’, \mathrm{t})=\frac{1}{2\pi}$/ $\pi\pi$p $\exp${ $2\sqrt{x_{1}y_{1}}q\cos\theta-(x1$ $+$ y1)q}d $\theta$ .
$q$
$\xi’$ , $\xi’=0$ $\frac{1}{t}$
, $p$ 0 $q$ $\rho$ .
$2\sqrt{x_{1}y_{1}}p\cos\theta-(x1+y1)q$
$=-(x_{1}+y_{1})\rho \mathrm{t}$anh $e_{2}^{\underline{t}}- \{(\sqrt{x_{1}}+\sqrt{y_{1}})^{2}\sin 2\mathrm{V}+(\sqrt{x_{1}}-\sqrt{y_{1}})^{2}\cos 2\frac{\theta}{2}\}p$ .
, $\mathrm{t}>0,$ $x_{1}\geq 0,$ $y_{1}\geq 0,$ $x_{1}+y_{1}>0$ $\hat{K}$ (x1, $y_{1},$ $\xi$ ’, $t$ ) $\xi’$
, $K$ (x, $y,$ $\mathrm{t}$) $x’-y’$ . $K$
$\hat{K}(x_{\mathrm{b}}y_{1},0, \mathrm{t})=\frac{1}{t}I_{0}(^{2}\mathrm{n})e^{-o\frac{e_{1}+}{l}\Delta}y$ , $\int_{0}^{+}$ A(x1, $y_{1}$ , $0,$ $t$ ) $dy_{1}=1$
$\int_{R_{+}^{n}}K(x, y, \mathrm{t})dy=\int_{R_{+}^{n}}K(x, y, \mathrm{t})dx=1$ . (5)
, $K$ (x, $y,$ $\mathrm{t}$) $\geq 0$ , $K$ (a, $b,$ $\mathrm{t}^{0}$ ) $<0$
$\mathrm{R}_{+}^{n}$ 2 $a,$ $b$ $\mathrm{t}^{0}$ , $\mathrm{R}_{+}^{n}$ $C$“- ,
$f$ (x) ., $Kf$ (a, $\mathrm{t}^{0}$ ) $<0$ . , $t\downarrow 0$
$Kf$ (x, t) $f(x)(\geq 0)$ , $t\uparrow+\infty$ 0
($K$ $n$ ). , $0<\mathrm{t}^{1}<\mathrm{t}^{2}<+\infty$
$\mathrm{t}^{1},$ $t^{2}$ , $\mathrm{t}^{1}\leq \mathrm{t}\leq \mathrm{t}^{2}$ $|x’-y’|arrow+\infty$ $x_{1}arrow+\infty$
$|K$ (x, $y,$ $t$) $|arrow 0$ ( $\hat{K}$ ). , $Kf$ $(x, \mathrm{t})$
$\mu$ . E.Hopf
$Kf$ $(x, \mathrm{t})$ $\mu$
. , $K$ (x, $y,$ $\mathrm{t}$) $\geq 0$ ( , 1 ) .
$\hat{K}$ $K$ Fourier $\xi’\vdash*x’$ .
$h(X)=\mathit{1}_{R^{n-1}}^{e^{i\langle x’,\xi’\rangle-\rho x_{1}}d\xi’=\int_{S^{n-2}}\frac{(2\pi)^{1-n}(n-2)!dS_{\xi’}}{(x_{1}+i\langle x\xi\rangle)^{n-1}}=\frac{\Gamma(\frac{n}{2})x_{1}}{\pi^{\frac{n}{2}}|x|^{n}}},,’$ . (6)
Poisson . ,
$k_{m}(x, y, \mathrm{t})=\int_{R^{n-1}}e^{i(x’-y’}$
’\mbox{\boldmath $\xi$}’ $\rangle$ -(2 l)\rho tw $(x_{1}, \rho)w_{m}(y_{1}, \rho)d\xi’$
$= \sum_{j,k=0}^{m}(\begin{array}{l}mj\end{array})(\begin{array}{l}mk\end{array})\frac{x_{1}^{j}y_{1}^{k}}{j!k!}h_{j+k+1}((2m+1)\mathrm{t}+x_{1}+y_{1}, x’-y’)$ , (7)
$h_{p}(x)=-2^{p}\partial^{p}h/\partial x_{1}^{p}(p\geq 1)$
, ((4) ).
$K(x, y, \mathrm{t})=\sum_{m=0}^{\infty}k_{m}(x, y, \mathrm{t})$ . (8)
(\S 6 ).
.
$\sum_{p=0}^{2m}\frac{a_{m,p}(x_{1},y_{1})}{\{(2m+1)\mathrm{t}+x_{1}+y_{1}+i\langle x-y’,\xi’\rangle\}^{n+p}}$, ($\xi’\in S^{n-2},$ $m$g $=0,1,$ 2, $\cdot$ $\mathrm{c}’$ )
(1) 2 $p$ $a_{m,p}$ (x1, $y_{1}$ )
. ,
, (1)
(\S 3 ). , (8) $x’-y’$
. .
, (8) $t$ . ,
$0 \leq\int_{R^{n-1}}d\xi’\int_{0}^{+\mapsto}\hat{f}(x_{1}, \xi’)$dx $1 \int_{0}^{+\infty}\hat{K}$ (xb $y_{1},$ $\xi’$ , $\mathrm{t}$ ) $\hat{f}(y_{1},\xi’)$dy1
$= \int_{R^{n-1}}\sum_{m=0}^{\infty}e^{-}(21+1)\rho t|\int_{0}^{+\infty}w_{m}$ (xb $\rho$) $\hat{f}$ (x1, $\xi’$)dx$1|^{2}d\xi’$
5$\leq\int_{R}n-1\sum_{m=0}^{\infty}|\int_{0}^{+\infty}w_{m}$
$(x_{1}, \rho)\hat{f}$(x1, $\xi’$ ) dx $1|^{2}d \xi’=\int_{R^{n-1}}d\xi’\int_{0}"\infty|\hat{f}(x_{1}, \xi’)|^{2}$dx1
, $L^{2}(\mathrm{R}_{+}^{n})$ $f$ (x) $\epsilon$ ,
$M$ , $\mathrm{t}$ $M’>M$
$\int_{R_{+}^{n}}|\sum_{m=M+1}^{M’}\int_{R_{+}^{n}}k_{m}(x, y, \mathrm{t})f(y)dy|^{2}dx<\epsilon$
. $t\downarrow 0$ $Kf$ $f$ . $K$ $L^{2}(\mathrm{R}_{+}^{n})$
( ) . , (1) $L^{2}(\mathrm{R}_{+}^{n})$ Friedrichs
, $K$ ((46) ).
, 1 , Riesz
, $L^{p}(\mathrm{R}_{+}^{n})(1<p<\infty)$ . ,




$L^{p}(0, +\infty)$ $([\mathrm{H}\mathrm{L}\mathrm{P}],n^{o}.318)$ .
\S 2 (4)
$u,$ $v$ $[0, +\infty)$ . Laguerre
$(9),(10)$ .
$L_{m}(u)= \frac{e^{\mathrm{u}}}{m!}f\frac{f^{n}}{du^{m}}(u^{m}e^{-u})=\sum_{k=0}^{m}$O$\frac{(-u)^{k}}{k!}=\frac{1}{2\pi i}\int_{|z-1|=R}\frac{z^{m}e^{u-uz}dz}{(z-1)^{m+1}}$ , (9)
$\sum_{m=0}^{\infty}c^{m}L_{m}(u)=\frac{1}{1-c}\exp(\frac{-uc}{1-c})$ $(|c|<1)$ . (10)
(4) ( $[\mathrm{S}\mathrm{z}.,$ $p.102],$ [EMOT., vol.Il, p. $\mathrm{I}89]$ )
$\sum_{m=0}^{\infty}$L$m$ (u)Lm(v)C$m= \frac{1}{1-c}$h $( \frac{2\sqrt{uvc}}{1-c})\exp\{-\frac{(u+v)c}{1-c}\}$ $(|c|<1)$ . (11)






(1-c) $S \exp\frac{(u+v)c}{1-c}=\frac{1}{2\pi i}\int_{|\zeta|=R’}\exp(\frac{-v\zeta}{1-c}$) $\exp\{\frac{-cu}{(1-c)(}\}\frac{d\zeta}{\zeta}$
$= \sum_{k,l=0}^{\infty}.\frac{(-v)^{k}(-cu)^{l}}{k!l!(1-c)^{k+l}}\mathit{1}_{\zeta|=R’}\frac{\zeta^{k-l-1}}{2\pi i}d\zeta=\sum_{k=0}^{\infty}\frac{(uvc)^{k}}{k!^{2}(1-c)^{2k}}=I_{0}(\frac{2\sqrt{uvc}}{1-c})$.
(10) $u$ -|\rightarrow $\mathrm{c}$ (10) .
$|c|<1$ (11) $|c|<1$ $u,$ $v$
. , ( $[\mathrm{S}\mathrm{z}.,p.176],$ $[\mathrm{S}\mathrm{h}_{5}$ ,p.180]).
$u>0,$ $m\geq 1$ L (u) $2+ \frac{1}{m}uL\sim(u)^{2}<e^{\mathrm{u}}$ . (12)
\S 3
(1) , (1) .
$n$ 4





(\S 5 . , ).
7$g_{1}$ Riemann $\mathrm{R}_{+}^{n}$ $G$ . $x$ $y$
$T$ , $T$ $\mathrm{R}_{+}^{n}$ $C^{2_{-}}$
, $c$ $\mathrm{R}_{+}^{n}$ $x$
$\frac{1}{y_{1}}\sum_{\alpha=1}^{n}(dy_{\alpha})^{2}=\frac{c}{x_{1}}\sum_{j=1}^{\mathrm{n}}(dx_{j})^{2}$ $(y=Tx)$ (14)
. .
$\dim G=\frac{n^{2}-n}{2}+$ L (15)
$G$ $\frac{n^{2}-n}{2}+1$
$\mathcal{T}$ $s$ $T=\exp(s\mathcal{T})$ ,
y\mbox{\boldmath $\alpha$}=x $+s\mathcal{T}_{\alpha}(x)+O(s^{2})(\alpha=1,2,\cdot|., n)$ , $c=1+s\mu+O(s^{2})$ (16)
. $\mathcal{T}_{\alpha}(x)$ $C^{2}$- , $\mu$ , $O$ ( s2) C$2_{-}$
. (14) $s^{1}$
. $dx_{1}$ : $d$x2:. $|.:dx_{n}$ $e_{1}$ : $e_{2}:\cdots:e_{n}$ ,
$2x_{1} \sum_{\alpha,\beta=1}^{n}\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{\beta}}$e$\alpha$e$\beta^{=\{\mu x_{1}+\mathcal{T}_{1}(x)\}\sum_{j=1}^{n}e_{j}^{2}-}$ (17)
($G$ Lie ) , $x$
$e$ 2 . $e_{\alpha}e$\beta
$2x_{1} \frac{\partial \mathcal{T}_{\alpha}}{\partial x_{\alpha}}=\mu x1+\mathcal{T}_{1}(1\leq\alpha\leq n)$ , $\frac{\partial \mathcal{T}_{\beta}}{\partial x_{\gamma}}+\frac{\partial \mathcal{T}_{\gamma}}{\partial x_{\beta}}=0$ $(1\leq\beta<\gamma\leq n)$ .
$\alpha=1$ $\mathcal{T}_{1}(x)=\mu x_{1}+\sqrt{x_{1}}\psi(x’)$ ($\psi(x’)$ $x’$
). $2\leq\alpha\leq n$
$\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{\alpha}}=\mu+\frac{\psi}{2\sqrt{x_{1}}}$ , $\frac{\partial}{\partial x_{1}}\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{\alpha}}=-\frac{\psi}{4x_{1}\sqrt{x_{1}}}$ $(2\leq\alpha\leq n)$ .
, $(\beta, \gamma)=(1, \alpha)$ $\mathcal{T}_{1}$
$\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{1}}=-\frac{\partial \mathcal{T}_{1}}{\partial x_{\alpha}}=-\sqrt{x_{1}}\frac{\partial\psi}{\partial x_{\alpha}}$ , $\frac{\partial}{\partial x_{\alpha}}\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{1}}=-\sqrt{x_{1}}\frac{\partial^{2}\psi}{\partial x_{\alpha}^{2}}$ $(2\leq\alpha\leq n)$ .
8$\frac{\partial}{\partial x_{1}}\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{\alpha}}=\frac{\partial}{\partial x_{\alpha}}\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{1}}$ $\psi=0,$ $\mathcal{T}_{1}(x)=\mu x_{1},$ $\frac{\partial \mathcal{T}_{\alpha}}{\partial x_{\alpha}}=\mu(2\leq\alpha\leq n)$
. $\beta=1,$ $\gamma$ \geq 2 $\mathcal{T}_{2}$ (x), $\cdot$ $|.,$ $\mathcal{T}_{n}$ (x) $x_{1}$
. , $(\beta, \gamma)$ .x $x\beta$ $x_{\gamma}$ $\frac{\partial^{2}\mathcal{T}_{\beta}}{\partial x_{\gamma^{2}}}=0$
$(1\leq\beta, \gamma\leq n, \beta\neq\gamma)$ . , $n\geq 3$ $\alpha,$ $\beta,$ $\gamma$
$\mathrm{t}_{\alpha\beta\gamma\vec{\partial x\rho\partial x_{\gamma}}}=\partial^{2}\mathcal{T}$ , $\mathrm{t}_{\alpha\beta\gamma}$ $\alpha,$ $\beta$ , $\beta,$ $\gamma$
0 . , $t_{\alpha\beta\gamma\beta\alpha\gamma\beta t^{cx}}=-\mathrm{t}=-\mathrm{t}=\mathrm{t}_{\gamma\beta\alpha}=\mathrm{t}_{\gamma\alpha\beta}$
$=-\mathrm{t}_{\alpha\gamma\beta}=-\mathrm{t}_{\alpha\beta\gamma}$ . , .
$\mathrm{X}\mathrm{H}(x)=\mu$x1, $\mathcal{T}_{\alpha}(x)=\mu$x$\alpha+\delta_{\alpha}+\sum_{\beta=2,\beta\neq\alpha}^{n}\epsilon_{\alpha\beta}$x$\beta(2\leq\alpha\leq n)$ . (18)




$1^{\mathrm{o}}$ (x1, $x_{2},\cdots,$ $x_{n}$ ) $\mapsto(x_{1}, x_{2}+\delta_{2},\cdots, x_{n}+\delta_{n})$ , $\delta 2,\cdot\circ\cdot,$ $\delta_{n}$ ,
$2^{\mathrm{O}}$ $(x_{1},x_{2}, \cdots, x_{n})\vdash+(x_{1}, \sum_{k=2}^{n}r_{2k}x_{k},\cdot\circ\cdot, \sum_{k=2}^{n}r_{nk}x_{k})$ ,
$(rjk)_{j,k=2}^{n}$ 1,
$3^{\mathrm{o}}$ (x1, $x_{2},\cdots,$ $x_{n}$ ) $|arrow(x_{1}, -x_{2}, x3,\cdots, x_{n})$ , $\mathrm{R}^{n-1}$ ,
$4^{\mathrm{o}}$ (x1, $x_{2},\cdots,x_{n}$ ) $\ovalbox{\tt\small REJECT}\mapsto(cx1, cx_{2},\cdot\supset\cdot, cx_{n})$ , $c$ .
$g_{1}$




. $\mathrm{R}_{+}^{n}\cross \mathrm{R}_{+}^{n}$ 2 $(x, y),$ $(\hat{x}, y\hat)$ , $Tx=\hat{x}$ $Ty=\hat{y}$
$T$ $x_{1}=$ $\hat{x}_{1}$ , $y_{1}=\hat{y}_{1},$ $|x’-y’|=|\hat{x}’-\hat{y}’|\text{ }$
. $\mathrm{R}_{+}^{n}\cross \mathrm{R}_{+}^{n}$ $(x, y)\sim(\hat{x}, y\hat)$ .
$\mathrm{R}_{+}^{n}\mathrm{x}\mathrm{R}_{+}^{n}/(\sim)$ 3 , (1)
4 .
(2) $K$ (x, $y,\mathrm{t}$) 4 $x_{1},$ $y_{1},$ $|x’-y’|,$ $\mathrm{t}$
, (1) . .
, E.Cartan [C., $n^{o}.260$] .
8\S 4
$g_{1}$ 2 $a,$ $b$ ( $a,$ $b$
) $R$ (a, $b$ ) , $a,$ $b$ . ,
$a,$ $b$ .
$\frac{1}{2}$




$x_{1}|\xi|^{2}=1$ $\mathrm{R}^{n}$ $\xi$ , $s$
, $(x(s), \xi(s.))$ ,
$\underline{d}d^{\frac{x}{s}i_{=x_{1}\xi_{j}}}(1\leq j\leq n),$ $\mathrm{g}_{\underline{1}_{=-\frac{1}{2}|\xi|^{2}}}d\epsilon$, $\frac{d\xi}{ds}$
.
$=0(2\leq j\leq n)$ . (19)
$\xi’=$ $(\xi_{2}$ , $\cdot$ . ., $\xi_{n})$ . $\xi’=0$ , $x’$
$x_{1}$ . (19) $\frac{d}{ds}\sqrt{x_{1}}=1/2$
$a’=b’$ $R$(a, $b$) $=2|\sqrt{a_{1}}-\sqrt{b_{1}}|$ . (20)
$\xi’\neq 0$ , $x_{1}$- 1 $($0, $\xi$’ $)$
2 . $(x_{1}, x_{2})$ - E . $x_{3}$
,
$x_{1}(s)= \frac{1}{2}(1+\cos\frac{\mathit{8}}{\sqrt{v_{1}}})v_{1},$ $x_{2}(s)-v_{2}= \frac{1}{2}(\frac{s}{\sqrt{v_{1}}}+\sin\frac{s}{\sqrt{v_{1}}})v_{1=}$ (21)
$x_{2}$- 1
, $v_{1}$ $v_{2}$ . $v_{1}$
, $v=$ $(v_{1}, v2)$ .
$\sqrt{v_{1}}\pi<s<\sqrt{v_{1}}\pi$ 1 .
$\overline{x_{1^{S)}}}1T^{\sum}\mathit{7}=1(_{d}^{\underline{d}x_{\mathit{8}}}\dot{r})^{2}(ds)^{2}=(ds)^{2}$ .
2 $s$ $g_{1}$ .
10
Euclid $v_{1}$ $\pi v_{1}$ .
2 .






. (22) ($v_{1}$ $x_{1}$ ).
$x_{1}\mathrm{C}_{2}^{\frac{dx}{dx}\mathrm{L}})^{2}+x_{1}$ , $x_{1}=v_{1},$ $\frac{dx}{doe_{2}}=0$
$( \frac{dx_{1}}{dx_{2}})^{2}=\frac{v_{1}-x_{1}}{x_{1}}\mathrm{c}$ (23)
$\frac{d}{d}x_{\delta}A>0$ \cap p‘ $dx_{2}=\neq_{v_{1}-x_{1}}^{l_{1}}|dx_{1}|$ .
, 2 $\lambda,$ $\mu$
. .
$\lambda(a, b)=\frac{|a’-b’|}{\max(a_{1},b_{1})},$
$\mu(a, b)=\int_{m}^{1}\frac{\sqrt{\mathrm{t}}d\mathrm{t}}{\sqrt{1-l}}$ ’ $m= \frac{\min(a_{1},b_{1})}{\max(a_{1},b_{1})}$ ’ (24)
1. $\lambda(a, b)<\mu(a, b)$ . $a_{1}\neq b_{1}$ ($a_{1}=b_{1}$ $\mu=0$
). ,
$\int_{\min(a_{1},b_{1})}^{\max(a_{1},b_{1}}\frac{)\sqrt{\mathrm{t}}d\mathrm{t}}{\sqrt{v_{1}-t}}=|$a’-b$’|,\cdot$ $v1\geq$max(a1, $b_{1}$ ), (25)
$v_{1}$
$v_{1}> \max(a_{1}, b1)$ . , $a_{1}>b_{1}$
, $v_{1}=a_{1}$ $a_{1}\mu(a, b)$ $\text{ },$ $v_{1}arrow+\infty$ 0
. , 3 $v,$ $a,$ $b$ .
$a$ $b$ $x_{1}$ $a_{1}$
$b_{1}$ , $x_{0}$ $|a’-b’|$
. , $\cos\frac{s}{2\sqrt{v_{1}}}$ $\sqrt{a_{1}/v_{1}}$ $\sqrt{b_{1}/v_{1}}$ ,
$s$ $R$ (a, $b$) . ,
$\frac{R(a,b)}{2\sqrt{v_{1}}}=$ Cos $-1_{\frac{\sqrt{\min(a_{1},b_{1})}}{\sqrt{v_{1}}}-}$ C$\mathrm{o}$s $-1_{\frac{\sqrt{\max(a_{1},b_{1})}}{\sqrt{v_{1}}}}$ (26)
, $0\leq y\leq 1$ $0 \leq \mathrm{C}\mathrm{o}\mathrm{s}^{-1}y\leq\frac{\pi}{2}$ . $v_{1}$ { (25) .
2. $\lambda(a, b)>\mu(a, b)$ .
$l_{1/v_{1}}^{1} \frac{\sqrt{\mathrm{t}}d\mathrm{t}}{\sqrt{1-\mathrm{t}}}$ $\int$bll/vl–$\sqrt\sqrt$It-dtt $= \frac{|a’-b’|}{v_{1}}$ , $v_{1} \geq\max(a_{1}, b_{1})$ , (27)
$v_{1}$ . , $v_{1}arrow+\infty$
0 , , $v_{1}= \max(a_{1}, b1)$
. , 3 $a,$ $v,$ $b$ . $a$
$b$
$x_{1}$ $a_{1}$ $v_{1}$
$\mathrm{I}$ $b_{1}$ , $x_{0}$
$|a’-b’|$ . , $\cos\frac{s}{2\sqrt{v_{1}}}$ $\sqrt{a_{1}/v_{1}}$ 1
$\sqrt{b_{1}}/v_{1}$ . $s$ $R$ (a, $v$ ), $s$ $R$ (v, $b$)
, $R$(a, $b$) $=R$(a, $v$ ) $+R$ (v, $b$) . , $v_{1}$ (27)
$\frac{R(a,b)}{2\sqrt{v_{1}}}=\mathrm{C}\mathrm{o}\mathrm{s}^{-1}\frac{\sqrt{a_{1}}}{\sqrt{v_{1}}}+\mathrm{C}\mathrm{o}\mathrm{s}^{-1}\frac{\sqrt{b_{1}}}{\sqrt{v_{1}}}$ (28)
3. . $\lambda=\mu$ , $v_{1}= \max(a_{1}, b1)$ (25) (27) ,
(26) (28) . , (25) (26) , (27) (28)
. , (26) 0 $a_{1}=b_{1}$ ,
(25) $a’=b’$ $a=b$ . , (28) 0
$a_{1}=b_{1}=v_{1}$ , (27) $a’=b’$ $a=b$ .
4. . $a’=b’$ ,
((20) ). $a’\neq b’$
, . $v_{1}$ (25) (27)
, $v_{1}$ (28) $2\pi\sqrt{v_{1}}$ .
5. . $a,$ $b$ ,
: , $|a’-b’|$ $|a-b|$ ,
12
(27) $|a-b|/\pi$ . (28)
$a,$ $b$ $R$ (a, $b$) $=2\sqrt{\pi|a-b|}$ . (29)
2 2 1 ,
Euclid 2 .
6. . (20)
. , (25) $v_{1}$ $a_{1}$ : $b_{1}$
$a,$ $b$ $|a’-b’|\downarrow 0$ , (26) (20)
. , $x_{2}$ $x_{1}$ $\text{ }$ (22)
$2x_{1} \frac{d^{2}x_{2}}{dx_{1}^{2}}=\frac{dx_{2}}{dx_{1}}+(\frac{dx_{2}}{dx_{1}})^{3}$ $(22^{j})$
. 1
$\mathrm{T}\mathrm{a}\mathrm{n}^{-1}\frac{dx_{2}}{dx_{1}}=\mathrm{S}\mathrm{i}\mathrm{n}^{-1}(c\sqrt{x_{1}})$ (c ). (30)
$\mathrm{T}\mathrm{a}\mathrm{n}^{-1},$
$\mathrm{S}\mathrm{i}\mathrm{n}^{-1}$





$g_{1}$ , 2 (20),(26),(28),(29)
. $v_{1}$ ,
. $R$ (a, $b$) $a,$ $b$
.
(eikonml equation)
. $\Gamma(a, b)=R(a, b)^{2}$ , $a$ , $b$ , $g_{1}$





$g$ $n$ Riemann Laplace-Beltrami
$\triangle_{g}$ , $\frac{\partial}{\partial t}u=\triangle_{g}u$ $Z$ (x, $y,$ $\mathrm{t}$ ) , $x,$ $y$
$J$ (\geq O) , $\mathrm{t}\downarrow 0$ ,
$Z$ (x, $y,$ $\mathrm{t}$) $=(4 \pi t)^{-\frac{n}{2}}e^{-\frac{r(x,y}{4t}\mathrm{L}^{2}}\{\sum_{p=0}^{J}\mathrm{t}^{p}u_{p}$ (x, $y$) $+O(t^{J+1})\}$ (31)
. $r$ (x, $y$) $g$ , $u_{p}$ (x, $y$ ) J.Hadamard
$x=y$ $([\mathrm{H}.,n^{o}61])$ . Riemann
Hadamard
, . , Riemam




2 $a,$ $b$ $\mathrm{t}\downarrow 0$ $K$ (a, $b,$ $\mathrm{t}$) .
$K$ (a, $b,\mathrm{t}$) $=(4\pi \mathrm{t})^{-}$ $e^{-R(a,b)^{2}/(4t)}$ $\{\sum_{p=0}^{J}t^{p}u_{p}$ (a, $b$) $+O(\mathrm{t}^{J+1})\}$ . (32)
$R$(a, $b$) $g_{1}$ , $u_{p}$ Hadamard , $u_{0}$ (37)
. $R(a, b)^{2}$ .
$R(a, b)^{2}=-4 \lim_{t\downarrow 0}\{\mathrm{t}\log K(a, b,\mathrm{t})\}$ . (33)
(2) $\xi’$ $\frac{1}{t}\zeta$’ , $\sigma=\sqrt{\sum_{j_{-}^{-}2}^{n}\zeta_{j}^{2}}$ , $I_{0}(z)$
(2)
$K$ (a, $b$ , t)=–(2\pi lt)n$\int$-\pi \pi d\mbox{\boldmath $\theta$}$\int$R -leF/t–sin\sigma h$\sigma d\zeta’$ , (a, $b\in \mathrm{R}_{+}^{n},$ $t$ >0),
14
$F=F( \zeta’, \theta)=i\langle a’-b’, \zeta’\rangle-\frac{(a_{1}+b_{1})\sigma}{\tanh\sigma}+\frac{2\sqrt{a_{1}b_{1}}\sigma}{\sinh\sigma}\cos\theta$ , $\zeta_{j}=\xi_{j}+i\eta_{j}(2\leq j\leq n)$. (34)
, $\lambda=(\sqrt{a_{1}}-\mathrm{v}\neg b_{1}2, \mu=(\sqrt{a_{1}}+\sqrt{b_{1}})^{2}$ , $F_{0}( \sigma)=\frac{\sigma}{2}(\lambda\coth\frac{\sigma}{2}+\mu\tanh\frac{\sigma}{2})$
) $F($ \mbox{\boldmath $\zeta$}’, $\mathrm{O})=i\langle a’-b’, \zeta’\rangle-F_{0}$ (\sigma ) . $F$
$\frac{\partial F}{\partial\zeta_{2}}=\cdots=\frac{\partial F}{\partial\zeta_{n}}=\frac{\partial F}{\partial\theta}=0$ (35)
$\zeta’=i\eta_{0}’$ $\theta=0$ . $\eta_{0}’=$ $(\eta 02,\cdot\cdot \mathrm{D}, \eta_{0n})$
, $\rho=|\eta_{0}’|=(\sum_{j=2}^{n}\eta_{0j}^{2})^{\frac{1}{2}}\geq 0$ (35)
$(a_{j}-b_{j})\rho=G’(\rho)\eta_{0j}$ $(2\leq j \leq n)$
. , $G(\rho)=-F_{0}(\sigma)$ ,
$G(\rho)=_{2(\mu\tan}^{ee_{-\lambda\cot}e_{)}}$ , $G’( \rho)=\frac{(\rho+\sin\rho)\mu}{2(1+\cos\rho)}+\frac{(\rho-\sin\rho)\lambda}{2(1-\cos\rho)}$
$0<\rho<\pi$ $G’(\rho)>0$ $a’-b’=$ $\mathrm{x}\eta_{0}’$ . $\rho=|\eta_{0}’|$
$|a’-b’|=G’(\rho)$ ,
$2|a’-b’|= \frac{(\rho+\sin\rho)\mu}{1+\cos\rho}+\frac{(\rho-\sin\rho)\lambda}{1-\cos\rho}$ , $0<\rho<\pi$ . (36)
$G’(\rho)$ $G’(0)=0,$ $\lim_{\rho\uparrow\pi}G’(\rho)=+\infty$ ,
$G”(\rho)=P\mu+Q\lambda$ , $P= \frac{2\cos+\rho\sin}{\cos}>0$ , $Q= \frac{2\sin-\rho\cos}{\sin e}>0$ .
, $G’(\rho)$ . $0\leq\rho<\pi$ , (36) $\rho$
. $(i\eta_{0}’, 0)$ $F$ Hesse ( $\theta$
), $G”(\rho)$ ($\eta_{0}’$ ), $\underline{G}[perp]_{\rho}’\rho \mathit{1}$ ( $\eta_{0}’$ $n-2$ )
, $(i\eta_{0}’, 0)$ $F$ ( $F$ ) . ,
$u \mathrm{o}(a, b)=(a_{1}b_{1})^{-\frac{1}{4}}\{\frac{2\sin\rho}{\rho G(\rho)},,\}^{\frac{1}{2}}\{\frac{2\rho}{G(\rho)},\}^{\frac{n-2}{2}}$ (\rho (36) ). (37)
$u_{1}$ ( 2 ).
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$F(i\eta_{0}’, \mathrm{O})=G(\rho)-\rho G’(\rho)$ -4 $\Gamma$
$\Gamma(a, b)=\frac{2\rho^{2}\mu}{1+\cos\rho}+\frac{2\rho^{2}\lambda}{1-\cos\rho}$
$\Gamma$
$a_{1} \sum_{j=1}^{n}(\frac{\partial\Gamma}{\partial a_{j}})^{2}=4\Gamma$ (38)
$a,$ $b$ $(\alpha, 0)(\alpha>0)$ $\Gamma=\mapsto a-b|^{2}\alpha$
$g_{1}$ . , $\Gamma(a, b)=R(a, b)^{2}$
$R(a, b)^{2}= \frac{2\rho^{2}}{1+\cos\rho}(\sqrt{a_{1}}+ \mathrm{r})^{2}+\frac{2\rho^{2}}{1-\cos\rho}(\sqrt{a_{1}}-\sqrt{b_{1}})^{2}$ , (39)
, $\rho$ (36) .
$\frac{2|a’-b’|}{(\sqrt{a_{\bm{1}}}+\sqrt{b_{1}})^{2}}=\frac{\rho+\sin\rho}{1+\cos\rho}+\frac{(\sqrt{a_{1}}-\sqrt{b_{1}})^{2}}{(\sqrt{a_{1}}+\sqrt{b_{1}})^{2}}\frac{\rho-\sin\rho}{1-\cos\rho}$ , $0\leq\rho<\pi$ . $(36’)$
$(36’)$ (39) . , $(36’)$ $a$ , b.
2 $\rho$ $\pi$ , (29) .
$a’=b’$ (20) .
, $(39),(36’)$ $a_{1},$ $b_{1}$
. (30) . , $x_{1}$ $\sqrt{x_{1}}$
(1) $($
,
(32) . . ,
$R(a, b)^{2}$ $\mathrm{R}_{+}^{n}\cross \mathrm{R}_{+}^{n}$ 2
, . , $G$ (\rho ) $\rho,$ $a_{1},$ $b_{1}$ ,
$(36’)$ , $G”(\rho)>0$ .
2 $a=b$ 2




(8) k $(x, y, \mathrm{f})$ .
$k_{m}(x, y, t)= \sum_{j,k=}^{m}(\begin{array}{ll} m0 j\end{array}) (\begin{array}{l}mk\end{array})\frac{x_{1}^{j}y_{1}^{k}}{j!k!}h_{j+k+1}((2m+1)\mathrm{t}+x_{1}+y_{1}, x’-y’)$. (7)
, Poisson ((6) ).
$\mathit{1}_{R^{n-1}}^{h(x_{1},x’-z’)h(y_{1},z’-y’)dz’=h(x_{1}+y_{1},x’-y’)}$ $(x_{1}, y_{1}>0)$ . (40)
$x_{1}$ $p+1$ , $y_{1}$ $q+1$ ( $h_{j}=-2^{j}\partial$j $h/\partial x_{1}^{j}(j\geq 1)$ )
$\int_{R^{n-1}}h_{p+}1(x_{1}, x’-z’.)h_{q+1}(y_{1}, z’-y’)dz’=-hp+q+2(x1+y1, x’-y’)$ .
$z_{1}(>0)$ $z_{1}$ ( $u,$ $v$ ),
$\int_{R^{f*}}h_{p+1}(x_{1}+uz_{1}+’ x’-z’)h_{q+1}(vz_{1}+y_{1}, z^{\llcorner}y’)dz=\frac{2}{u+v}h_{p+q+1}(x_{1}+y_{1}, x’-y’)$.
$u$ $r\fbox,$ $v$ $s$ $u=v=1$
$I_{R_{+}^{n}}^{z_{1}^{r}h_{p+r+1}(x_{1}+z_{1},x’-z’)z_{1}^{\epsilon}h_{q+s+1}(z_{1}+y_{1},z’-y’)dz}$
$=(-1)^{\mathrm{r}+s}(r+s)!h_{p+q+1}(x_{1}+y_{1},x’-y’)$ $(p, q,r,.s=0,1, 2,\cdot 0\cdot)$ . (41)
, $|\alpha|<\mathrm{I},$ $|\beta|<1,$ $\frac{|u||\alpha|}{1-|\alpha|}+*_{1-\beta}^{v|\beta}<1$
$. \sum_{l,\mathrm{r}=0}^{\infty}\alpha^{l}\beta^{r}\sum_{p=0}^{l}\sum_{q=0}^{f}(_{p}^{l}\mathrm{X};)(_{p}^{+q})$ u$pvq= \frac{1}{1-(1+u)\alpha-(1+v)\beta+(1+u+v)\alpha\beta}$
(42)
$l=r$ ( $\alpha$ $\alpha\omega$ , \beta . $\beta/\omega$ $\omega$
$|\omega|=1$ ). $\alpha\beta=\gamma$
$\sum_{l=0}^{\infty}\gamma^{l}\sum_{p,q=}^{l}(\begin{array}{ll} l0 p\end{array}) (\begin{array}{l}lq\end{array})(\begin{array}{l}p+qp\end{array})$ u$
p
$v^{q}= \frac{1}{\sqrt{D(u,v,\gamma)}}$ , (43)
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$D$ (u, $v,$ $\gamma$) $=1-2\{(1+u)(1+v)+uv\}\gamma+(1+u+v)^{2}\gamma^{2}$ .
$\frac{1}{\sqrt{zw}}=\frac{1}{\pi}\int_{0}^{2\pi}\frac{d\theta}{z+w+(z-w)\cos\theta}$ $(\Re z>0, \Re w>0)$ (44)
, $(1+2|u|)(1+2|v|)|\gamma|<1$
$\sum_{l=0}^{\infty}$7$l \sum_{p,q=}^{l}(\begin{array}{ll} l0 p\end{array}) (\begin{array}{l}lq\end{array})(\begin{array}{l}p+qp\end{array})u^{p}v^{q}=\frac{1}{2\pi}\int_{0}^{2\pi}\frac{d\theta}{1-\varphi(u,v,\theta)\gamma}$ ,
$\varphi(u, v, \theta)=1+u+v+2uv+2\sqrt{(1+u)(1+v)u}$v $\cos\theta$ .
$\gamma^{l}$




. . $|\varphi(u, v, \theta)|\leq(1+2|u|).(1+2|v|)$
.
(7) $k_{m}$ (x, $y,$ $\mathrm{t}$) $k_{m}$ (t) , (41)
(42)(u=v=-l) .
$k_{m}(t)k_{m’}(t’)=\delta_{m}$ , $m$’ $k_{m}(\mathrm{t}+t’)$ $(\mathrm{t},\mathrm{t}’> 0, m, m’= 0,1, 2,\cdots)$ . (46)
$K$ .
(45) (7) $j,$ $k$ .
$k_{m}(x,y,t)= \frac{\partial^{n-1}}{\partial s^{n-1}}\{\frac{2s^{n-1}}{(2\pi)^{n}}\int_{S^{n-2}}\frac{dS_{\xi’}}{r_{m}^{n}}\int_{0}^{2\pi}\varphi(sum’ sv_{m}, \theta)^{m}$d$\theta$ } $|_{s=1}$ , (47)
$r_{m}$ (x, $y,\mathrm{t}$) $=(2m+1)\mathrm{t}+x_{1}+y_{1}+i\langle x’-y’,$ $\xi$’),
$u_{m}$ (x, $y,$ $\mathrm{t}$) $=-2x_{1}/r_{m}$ , $v_{m}$ (x, $y,$ $\mathrm{t}$) $=-2y_{1}/r_{m}$ .
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$\text{ }l\acute{-}$ ,
$K(x, y, t)= \sum_{m=0}^{\infty}\frac{\partial^{n-1}}{\partial s^{n-1}}\{\frac{2s^{n-1}}{(2\pi)^{n}}\int_{S}.-2\frac{dS_{\xi’}}{r_{m}^{n}}\int_{0}^{2\pi}\varphi(su_{m}, sv_{m}, \theta)^{m}d\theta\}|_{\mathit{8}=1}$ . (48)
(8) . $m>0$ $|u_{m}|<_{\hat{mt}}x,$ $|v_{m}|<L1mt$





$s$ $\varphi(su_{m}, sv_{m}, \theta)^{m}$ . (48) ,
$0 \leq K(x, y, \mathrm{t})\leq\frac{2(n-1)!}{(2\pi)^{n-1}}e^{\frac{2\mathrm{r}+2y}{t}}L_{n-1}(-\frac{2x_{1}+2y_{1}}{t})\int_{S}$
n-2
$\sum_{m=0}^{\infty}\frac{1}{|r_{m}|^{n}}dS_{\xi’}$ .
, (8) $(x, y, \mathrm{t})$ –
.
, $x=y$ $k_{m}$ (x, $x,$ $t$ ) $x_{1}$ $\mathrm{t}$ , (46)
k $(x, x, t)= \int_{R},$ $k_{m}(x, z, \frac{t}{2})^{2}dz>0$ . , (47)
$k_{m}(x, x, \mathrm{t})=\frac{2^{2-n}\pi^{-\frac{n+1}{2}}}{\Gamma(\frac{n-1}{2})\rho_{m}^{n}}\frac{\partial^{n-1}}{\partial w^{n-1}}\int_{0}^{2\pi}w^{n-1}\{1-4w(1-w)\cos\phi\}^{m}d\phi|_{w=w_{m}}$ ,
(49)
$\rho_{m}=(2m+1)\mathrm{t}$+2x1, $w_{m}=2x_{1}/\rho_{m}$
$x_{1}\downarrow 0$ \rho m\rightarrow (2m+y $w_{m}arrow 0$ , $k_{m}$ (x, $x,$ $t$ )
$(2n-2) \Gamma(\frac{n}{2})/\{\sqrt{\pi}(2m+1)\mathrm{t}\}^{n}$ . $m$ ,
$\lim_{x_{1}\downarrow 0}K(x, x, \mathrm{t})=\frac{(2n-2)\Gamma(\frac{n}{2})}{\pi^{\frac{n}{2}}\mathrm{t}^{n}}E\frac{1}{(2m+1)^{n}}$ (50)
, (2) $x=y,$ $x_{1}\downarrow 0$ $\xi’$ (50)
, $K$ (x, $x,$ $t$ ) (2) $([\mathrm{S}\mathrm{h}_{1}])$ .
(50) (1) . ,
$\frac{\partial \mathrm{u}}{\partial t}=\sum_{j=1x_{j}}^{n}\frac{\partial}{\partial}R2\mathrm{u}$ , Laplacian ( )
$Z$(x, $x,$ $t$) (31) 1 $\cross \mathrm{t}^{-}$ .
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\S 7
$\sum_{j=1}^{\prime\nu}\frac{\partial}{\partial x_{j}}(x_{1}\frac{\partial u}{\partial x_{j}})+f(x)=0$ (51)
1 $K$ (x, $y,$ $\mathrm{t}$) $\mathrm{t}$ l .
$E(x, y)=7+\infty K(x, y, t)d\mathrm{t}$ (52)
$E$ (x, $y$) (51) . $x,$ $y$ $1-n$
($k>0$ $E$(kx, $ky)=k^{1-n}E($x, $y)$ ). $k_{m}$ $e_{m}$
$e_{m}(x, y)= \frac{2}{2m+1}\sum_{j,k=}^{m}(\begin{array}{ll} m0 j\end{array}) (\begin{array}{l}mk\end{array})\frac{(2x_{1})^{j}(2y_{1})^{k}}{j!k!}(\partial_{1}^{j+k}h)(x_{1}+y1, sc’-y’)$ .
$\frac{1}{2m+1}=\int_{0}^{1}s^{2m}ds$ , $m$ (44)
$E(x, y)= \frac{2(n-2)!}{(2\pi)^{n}}\int_{S^{n-2}}dS_{\xi’}\int_{0}^{2\pi}d\theta\int_{0}^{1}\frac{(1-s^{2})^{n-2}}{P(s,\theta)^{n-1}}ds$
$P$(s, $\theta$) $=(x_{1}+y_{1})(1+s^{2})+i\langle x’-y’, \xi’\rangle(1-s^{2})+4\sqrt{x_{1}y_{1}}s\cos\theta$ .
Poisson (6) $\sinh\lambda=_{1-s}^{2s}\neg$
$E(x, y)= \frac{1}{2\pi}\int_{0}^{+\infty}d$A$\int_{\mathrm{n}}^{2\pi}h$((x1q1) $\cosh\lambda+2\sqrt{x_{1}y_{1}}\sinh\lambda\cos\theta,x’-y’$ ) $d\theta$ . $(53)$
$n=3$ ,
$E(x, y)= \frac{\mathrm{I}}{2\pi|x-y||x-\check{y}|}$ ( $\check{y}=(-y_{1}, y_{2},\cdot(\cdot, y_{n}))$ . (54)











2 (32) $(a, b, t)$ $n$ . [f ,
(36) $\rho$ 0 , $G’(\rho)$ $G”(\rho)$ 1 , (37) $u0$ $\frac{n}{2}$ 1 .
$a$ $b$ $u\mathit{0}$ (a, $b$) (32) $\nu\backslash$ , (32)
(50) . .
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